Abstract. We introduce the concept of t-spread monomials and t-spread strongly stable ideals. These concepts are a natural generalization of strongly stable and squarefree strongly stable ideals. For the study of this class of ideals we use the t-fold stretching operator. It is shown that t-spread strongly stable ideals are componentwise linear. Their height, their graded Betti numbers and their generic initial ideal are determined. We also consider the toric rings whose generators come from t-spread principal Borel ideals.
Introduction
Among the monomial ideals, the squarefree monomial ideals play a distinguished role as they are linked in many ways to combinatorial objects such as simplicial complexes and graphs. Squarefree monomials in a polynomial ring K[x 1 , . . . , x n ] which generate these ideals are monomials of the form x i 1 · · · x i d with i 1 < i 2 < · · · < i d . In this paper, we call a monomial x i 1 x i 2 · · · x i d with i 1 ≤ i 2 ≤ · · · ≤ i d t-spread, if i j − i j−1 ≥ t for 2 ≤ j ≤ n. Note that, any monomial is 0-spread, while the squarefree monomials are 1-spread.
A monomial ideal in S is called a t-spread monomial ideal, if it is generated by t-spread monomials. For example, I = (x 1 x 4 x 8 , x 2 x 5 x 8 , x 1 x 5 x 9 , x 2 x 6 x 9 , x 4 x 9 ) ⊂ K[x 1 , . . . , x 9 ] is a 3-spread monomial ideal, but not 4-spread, because x 2 x 5 x 8 is not a 4-spread monomial. Note that 2-spread monomial ideals appear as initial ideals for the defining ideals of the fiber cones of monomial ideals in two variables [6] .
There is a well-known deformation, called polarization, which assigns to each monomial ideal a squarefree monomial ideal, preserving all homological properties of these ideals. In this way, many problems regarding monomial ideals can be reduced to the study of squarefree monomial ideals. On the other hand, in shifting theory, in particular for symmetric algebraic shifting, one used another operator, called stretching operator, see [9] , [5] . To transform an arbitrary monomial u = x i 1 · · · x i d with i 1 ≤ i 2 ≤ · · · ≤ i d into a squarefree monomial, one defines the stretched monomial σ(u) = x i 1 x i 2 +1 x i 3 +2 · · · x i d +(d−1) . Let I be a monomial ideal and G(I) = {u 1 , . . . , u m } be the unique minimal monomial set of generators of I. Then I σ is defined to be the ideal with G(I σ ) = {σ(u 1 ), . . . , σ(u m )}.
In contrast to polarization, the stretching operator is not a deformation and in general does not preserve any of the homological properties of the ideal. For example, if I = (x 2 1 , x 2 2 ), then I σ = (x 1 x 2 , x 2 x 3 ). In this example I is a complete intersection, but I σ does not have this property. In fact, I σ has a linear resolution. Applying again the operator σ to I σ , we obtain the ideal I σ 2 = (x 1 x 3 , x 2 x 4 ) which again is a complete intersection.
It can be easily seen that the t-fold iterated operator σ t establishes a bijection between all monomials in the polynomial ring T = K[x 1 , x 2 , . . .] and all t-spread monomials in T ; see Corollary 1.7. While, in general I and I σ may have different graded Betti numbers, it turns out that the graded Betti numbers coincide when I is a strongly stable ideal. This fact has been used in shifting theory to define symmetric algebraic shifting; see for example [5, Section 11.2.2] . More generally, as one of the main result of this paper, we show that I is a t-spread strongly stable ideal if and only if I σ is a t + 1-spread strongly stable ideal (Proposition 1.9), and I and I σ have the same graded Betti numbers; see Theorem 1.11. The concept t-spread strongly stable ideal generalizes the concepts of strongly stable and squarefree strongly stable ideals, and is defined as follows: a monomial ideal I is called t-spread strongly stable, if for all t-spread monomials u ∈ I, all j ∈ supp(u) and all i < j such that
By using Theorem 1.11 and a well known result of Eliahou-Kervaire [3] , we obtain in Corollary 1.12 an explicit formula for the graded Betti numbers of a t-spread strongly stable ideal.
As for ordinary strongly stable ideals, one defines Borel generators of a t-spread strongly stable ideal I as a set of t-spread monomials in I with the property that I is the smallest t-spread strongly stable ideal containing these generators. Of particular interest is the case when I has precisely one Borel generator. In the special case when the Borel generator in
It is generated by all t-spread monomial of degree deg(u). Theorem 2.3 lists the homological and algebraic properties of tspread Veronese ideals and their Alexander duals. The results of this theorem are then used in Theorem 2.4 to determine the height of any t-spread strongly stable ideal. As a consequence, Cohen-Macaulay t-spread strongly stable ideals can be classified; see Corollary 2.5.
In Section 3, we study the toric K-algebras whose generators are the generators of a t-spread principal Borel ideal. Generalizing a result of De Negri [2] , we show that these algebras are Koszul, Cohen-Macaulay normal domains. Finally, in Section 4, we show that the generic initial ideal of a t-spread strongly stable ideal is simply obtained by the inverse of the t-fold iterated operator σ.
It should be noted that the graded Betti numbers of I and I σ may coincide not only for t-spread strongly stable ideals. In fact, it can be easily seen that if I = J σ n for a monomial ideal J ⊂ K[x 1 , . . . , x n ], then for any t, I and I σ t have the same graded Betti numbers, because for such ideals the application of the operator σ simply amounts to rename the variables. It would be interesting to determine all monomial ideals for which I and I σ coincide.
t-spread strongly stable ideals
The section is intended to generalize the concepts of stable and squarefree stable ideals.
Let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring in n variables over K. We denote by Mon(S) the set of all the monomials in S. For a monomial u we denote by max(u) (min(u)) the maximal (minimal) index i for which x i divides u.
The ideal I is called t-spread strongly stable, if for all t-spread monomials u ∈ I, all j ∈ supp(u) and all i < j such that
Note that a t-spread strongly stable ideal is also t-spread stable. (a) I is t-spread strongly stable.
∈ I by our assumption and v ′ |u ′ and again we have u ′ ∈ I.
The following lemma is crucial for the study of t-spread strongly stable ideals. Lemma 1.3. Let I be a t-spread strongly stable ideal and w ∈ I be a t-spread monomial. Then w = w 1 w 2 such that max(w 1 ) < min(w 2 ) for some w 1 ∈ G(I) and w 2 ∈ Mon(S).
Proof. We may assume that t > 0, because for t = 0 such a decomposition for w is known; see [3, Lemma 1.1]. Now, let w = w Proof. Let G(I) = {u 1 , u 2 , . . . , u m } ordered with respect to the pure lexicographical order. Let r ≤ m and J = (u 1 , . . . , u r−1 ). Then in order to show that J : u r is generated by variables, it is enough to show that for all 1 ≤ k ≤ r − 1 there exists
Now, as we know that v ∈ J, it follows that x i d ∈ J : u r . This completes the proof, since
Let I be a t-spread strongly stable ideal with G(I) = {u 1 , u 2 , . . . , u m } ordered with respect to the pure lexicographic order. As in [7] we define
The proof of Theorem 1.4 shows that set(u k ) is the set of positive integers i satisfying
We set
The resolution of monomial ideals with linear quotients and regular decomposition function can be explicitly described; see [7, Theorem 1.12 ]. Stable and squarefree stable ideals have regular decomposition functions. However, even 2-spread strongly stable monomial ideals in general do not have regular decomposition functions.
For example, consider the 2-spread strongly stable ideal
In what follows, we will establish a bijection between t-spread strongly stable ideals and t + 1-spread strongly stable ideals which preserves the graded Betti numbers.
Let
. .] be a polynomial ring in infinitely many variables. We denote by Mon(T ; t) the set of all t-spread monomials in T . Then Mon(T ; 0) is just the set of all monomials of T which we simply denote by Mon(T ).
Note that, σ induces a map Mon(T ; t) → Mon(T ; t + 1) which we again denote by σ. Indeed, if u is a t-spread monomial then σ(u) is a t + 1-spread monomial,
Corollary 1.7. The iterated map σ t : Mon(T ) → Mon(T ; t) establishes a bijection between the set of all monomial in T and the set of all t-spread monomials in T .
Definition 1.8. Let I be a monomial ideal. Then we let I σ be the ideal generated by the monomials σ(u) with u ∈ G(I).
Observe that if I is a t-spread ideal then I
σ is a t + 1-spread ideal.
Proposition 1.9. Let I be a monomial ideal. Then I is a t-spread strongly stable ideal if and only if I
σ is a t + 1-spread strongly stable ideal.
Proof. Let I be a t-spread ideal and σ(u) = d j=1 x i j +(j−1) with u ∈ G(I). We want to show that for all j ∈ supp(σ(u)) and
. Then, first we show that w ∈ I. Indeed,
and we have i l+1 +l−k ≥ t+1 which implies i l+1 −(k −(l−1)) ≥ t + 1. Then, by Lemma 1.3, w = w 1 w 2 such that max(w 1 ) < min(w 2 ). This implies that v = σ(w) = σ(w 1 )w ′ where w ′ is a monomial. Therefore, v ∈ I σ . The converse may be handled in a similar way. 
We claim that b 1 < · · · < b r and set(σ(u)) = {b 1 , . . . , b r }. The claim together with Lemma 1.10 yields the desired result.
Proof of the claim: Let k < j and
Next, we show that
Conversely, let c ∈ set(σ(u)). Then from (1) 
Proof. We know that I τ t is strongly stable. From [3] , we know that
By Theorem 1.11, we have β i,i+j (I τ t ) = β i,i+j (I), therefore,
The proof follows, because max(τ t (u))) = max(u) − t(deg(u) − 1), for all u ∈ G(I).
t-spread Borel generators
In the theory of stable ideals, Borel generators play an important role. In this section, we introduce the similar concept of t-spread strongly stable ideals.
Let u 1 , . . . , u m be t-spread monomials in S. There exists a unique smallest t-spread strongly stable ideal containing u 1 , . . . , u m , which we denote by B t (u 1 , . . . , u m ) . The  monomials u 1 , . . . , u m are called the t-spread Borel generators of B t (u 1 , . . . , u m ) .
For example, let
σ and I σ is t-spread strongly stable .
We call a t-spread strongly stable ideal I t-spread principal Borel, if there exists a t-spread monomial u ∈ I such that I = B t (u).
In what follows, we study an important special class of t-spread principal Borel ideals.
Definition 2.2. Let d ≥ 1 be an integer. A monomial ideal in S = K[x 1 , . . . , x n ] is called a t-spread Veronese ideal of degree d, if it is generated by all t-spread monomials of degree d.
We denote by I n,d,t ⊂ S, the t-spread Veronese ideal in S generated in degree d. Therefore, (2) [(
Note that I n,d,t = (0) if and only if n > t(d − 1). Observe that the t-spread Veronese ideal of degree d is indeed a t-spread principal Borel ideal. In fact,
There exists a simplicial complex ∆ on the vertex set [n] such that I n,d,t is the Stanley-Resner ideal of ∆. We denote by I 
Theorem 2.3. Let t ≥ 1 be an integer and I n,d,t ⊂ S the t-spread
where
. (c) I n,d,t is Cohen-Macaulay and has a linear resolution.
Proof. Let ∆ be the simplicial complex whose Stanley-Reisner ideal is I n,d,t and let F (∆) the set of facets of ∆. We prove that every facet of ∆ is of the form To begin with, we show that every set
On the other hand, we claim that F ∪ {j} ∈ ∆ for every j ∈ [n] \ F. This will show that F is indeed a facet of ∆. Let j ∈ [n] \ F. If j < j 1 , we get
} is a non-face of ∆, which implies that
} is a non-face of ∆. Consequently, F ∪ {j} ∈ ∆. Therefore, we have shown that every set F as in (3) is a facet of ∆.
Our purpose is to show that the sets of the form (3) are the only facets. This is equivalent to showing that for every face G ∈ ∆, there exists F ∈ F (∆) of the form (3) which contains G.
Let G ∈ ∆ and i 1 = min G. Inductively, for ℓ ≥ 2, we set
where we set q = q k .
. . , t}∪G ′ ∈ ∆ and the claim follows.
Let now i 1 ≤ t and assume for the beginning that
In the last inequality we used the condition n ≥ 1 + (d − 1)t which must be satisfied by n. Then we get i k + t ≤ n − 1 hence we may take
To complete the proof of the Claim, we need to consider a last case, namely when there exists ν such that i ν > i ν−1 + t. Let ℓ = max{ν : i ν > i ν−1 + t}. Then it follows that i k > i ℓ−1 + (k − ℓ + 1)t and we may take
t. By our Claim, it is now clear that every face G ∈ ∆ is contained in a larger face H of the form
It remains to show that there exists F ∈ F (∆) which contains H. But this follows if we show that for every s ≤ t − 2, H is contained in a face of ∆ of the form 
Then, we can take
Finally, let us choose the maximal ℓ such that i ℓ > i ℓ−1 + t. In this case, we take
In order to prove that I n,d,t has a linear resolution, it is enough to apply Theorem 1.4. Since I n,d,t is generated in a single degree, it follows that it has a linear resolution.
Next, we show that I 
with i = j. In order to simplify a little the notation, we removed the index t in v j k ,t and v i k ,t . A simple calculation shows that
.
which is equivalent to the condition that there exists an integer s ≥ 1 such that j 1 
We first observe that
Let us assume that there exists a least integer
Obviously, w k > lex w j , thus k < j, and we claim that w k / gcd(w k , w j ) = x js. An easy calculation shows that
Thus j d−1 + (t − 1) ≤ n, and we may consider the monomial v j d−1 +1 . In this case we take
and check that w k / gcd(w k , w j ) = x js . Finally, for the calculation of the Betti numbers of I n,d,t and I (d 1 , . . . , d p ) . We have
In our case, the type of the resolution of S/I n,d,t is given by
By Eagon-Reiner Theorem [5, Theorem 8.1.9] , it follows that I We end the proof with the following remark. One may get an alternative proof of part (d) by using (2) and Theorem 1.11.
As an application of Theorem 2.3, we prove the following Theorem 2.4. Let I be t-spread strongly stable ideal. Then
Proof. Let u 0 ∈ G(I) such that min(u 0 ) = max{min(u) : u ∈ G(I)}, and let P = (x i : i ≤ min(u 0 )). Then I ⊂ P , because for all w ∈ G(I) one has min(w) ≤ min(u 0 ). This shows that height(I) ≤ min(u 0 ). 
and from Theorem 2.4, it follows that dim(S/I) = n − max{min(u) : u ∈ G(I)}.
By using Auslander-Buchsbaum theorem we conclude that S/I is Cohen-Macaulay if and only if
for all u ∈ G(I), equality (5) Since u∈G(I) supp(u) = {x 1 , . . . , x n }, there exists u ∈ G(I) such that max(u) = n and min(u) ≤ min(u 0 ). Note that
since I is t-strongly stable, we obtain u ′ ∈ I and u ′ |u, a contradiction.
t-spread principal Borel algebras
Let t ≥ 1 and u ∈ S be a t-spread monomial. In this section, we consider the toric algebra K[B t (u)] which is generated by the monomials v with v ∈ G(B t (u)). 
, and consider the monomials u ′ =
It remains to be shown that j 2ℓ+1 − j 2ℓ−1 ≥ t and j 2ℓ+2 − j 2ℓ ≥ t for all 1 ≤ ℓ ≤ d − 1. We prove only the first inequality since the second one may be proved in a similar way. If x j 2ℓ−1 , x j 2ℓ+1 divide the same monomial, say w, then the inequality holds since w ∈ G(B t (u)). Else, we may consider that x j 2ℓ−1 | w and x j 2ℓ+1 | v. If x j 2ℓ | w, then j 2ℓ+1 − j 2ℓ−1 ≥ j 2ℓ − j 2ℓ−1 ≥ t, since w ∈ G(B t (u)). If x j 2ℓ | v, then j 2ℓ+1 − j 2ℓ−1 ≥ j 2ℓ+1 − j 2ℓ ≥ t since v ∈ G(B t (u)).
Let R be the polynomial ring K[t v | v ∈ G(B t (u))], and ϕ : R → K[B t (u)] be the K-algebra homomorphism which maps t v to v for all v ∈ G(B t (u)). We denote by J u , the kernel of ϕ.
By using properties of algebras generated by sortable sets of monomials ( [10] or [4, Theorem 6 .16]), we obtain the following result. Since an algebra whose defining ideal has a quadratic Gröbner basis is Koszul, we get the following corollary of the above theorem.
Corollary 3.3. K[B t (u)] is Koszul.
Theorem 3.2 has another nice consequence.
Corollary 3.4. K[B t (u)] is a Cohen-Macaulay normal domain.
Proof. Theorem 3.2 shows, in particular, that J u has a squarefree initial ideal. By a theorem due to Sturmfels [10] , it follows that K[B t (u)] is a normal domain. Next, by a theorem of Hochster [8] , it follows that K[B t (u)] is Cohen-Macaulay.
The generic initial ideals of t-spread strongly stable ideals
The following theorem generalizes Theorem 11.2.7 in [5] . For a homogeneous ideal I ⊂ S = K[x 1 , . . . , x n ], Gin(I) stands for the generic initial ideal of I with respect to the reverse lexicographic order. Throughout this section we assume that char(K) = 0. Proof. We may assume t > 0 since the equality I = Gin(I) for strongly stable ideals is known [5, Proposition 4.2.6].
Thus, we obtain:
|{w ∈ G((Gin(I)) σ t ) : max(w) = n, deg w = deg u}| ≥ (7)
|{v ∈ G(I) : max(v) = n, deg v = deg u}|.
In particular, this implies that deg u 1 cannot be strictly smaller than deg w 1 , hence deg u 1 = deg w 1 and u 1 = w 1 . In addition, if we assume that u 1 = w 1 , . . . , u k = w k , then deg u k+1 cannot be strictly smaller than deg w k+1 , which further implies that u k+1 = w k+1 as well. Thus, w j ∈ G(I) for 1 ≤ j ≤ q, which yields (8) {w ∈ G((Gin(I)) σ t ) : max(w) = n} ⊂ {u ∈ G(I) : max(u) = n}.
However, by (7), we have |{w ∈ G((Gin(I)) σ t ) : max(w) = n}| ≥ |{u ∈ G(I) : max(u) = n}|.
Consequently, in relation (8) we have equality. This shows that every monomial u ∈ G(I) with max(u) = n belongs to (Gin(I)) σ t . This proves (6) and completes the proof of the theorem.
